We present a numerical study of quasistatic magnetoconvection in a cubic RayleighBénard (RB) convection cell subjected to a vertical external magnetic field. For moderate values of the Hartmann number Ha (characterising the strength of the stabilising Lorentz force), we find an enhancement of heat transport (as characterised by the Nusselt number N u). Furthermore, a maximum heat transport enhancement is observed at certain optimal Ha opt . The enhanced heat transport may be understood as a result of the increased coherency of the thermal plumes, which are elementary heat carriers of the system. To our knowledge this is the first time that a heat transfer enhancement by the stabilising Lorentz force in quasistatic magnetoconvection has been observed. We further found that the optimal enhancement may be understood in terms of the crossing between the thermal and the momentum boundary layers (BL) and the fact that temperature fluctuations are maximum near the position where the BLs cross. These findings demonstrate that the heat transport enhancement phenomenon in the quasistatic magnetoconvection system belongs to the same universality class of stabilising−destabilising (S-D) turbulent flows as the systems of confined Rayleigh-Bénard (CRB), rotating Rayleigh-Bénard (RRB) and double-diffusive convection (DDC). This is further supported by the findings that the heat transport, boundary layer ratio and the temperature fluctuations in magnetoconvection at the boundary layer crossing point are similar to the other three cases. A second type of boundary layer-crossing is also observed in this work. In the limit of Re Ha, the (traditionally defined) viscous boundary δ v is found to follow a Prandtl-Blasiustype scaling with the Reynolds number Re and is independent of Ha. In the other limit of Re Ha, δ v exhibits an approximate ∼ Ha −1 dependence, which has been predicted for a Hartmann boundary layer. Assuming the inertial term in the momentum equation is balanced by both the viscous and Lorentz terms, we derived an expression δ v = H/ √ c 1 Re 0.72 + c 2 Ha 2 for all values of Re and Ha, which fits the obtained viscous boundary layer well.
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Introduction
Magnetoconvection -a fluid convective system subjects to an external magnetic field exists widely in nature. For example, the solar magnetoconvection (Hurlburt, Matthews & Rucklidge 2000; Schüssler 2012 ), evolution of stars (MacDonald & Mullan 2017; Kitchatinov, Jardine & Cameron 2001) , the convection process of liquid batteries (Shen & Zikanov 2016; Kelley & Weier 2018) , etc. In many cases, the studies of magnetoconvection are based on the classical Rayleigh-Bénard (RB) convection (Ahlers, Grossmann & Lohse 2009; Lohse & Xia 2010; Chillà & Schumacher 2012; Xia 2013 ) -a fluid layer heated from below and cooled at the top, with a constant temperature difference ∆T = T * bottom −T * top , where T * is the temperature in units. RB convection is characterised by dimensionless control parameters the Rayleigh number Ra = αg∆T /νκ and Prandtl number P r = ν/κ. Here α is the thermal expansion coefficient, g is the gravitational constant, ν is the kinematic viscosity, and κ is the thermal diffusivity. Another control parameter is the aspect ratio Γ = W/H, where W is the width and H is the height of the system.
Various studies have been carried out in the past on RB convection in the presence of a magnetic field (Burr & Müller 2002) . A particular interest is RB convection with an applied external horizontal magnetic field (Yanagisawa et al. 2013; Tasaka et al. 2016) . It is observed that under strong magnetic field the convective rolls exhibit quasi-two dimensional flow patterns, which can be understood in terms of linear stability analysis (Tasaka et al. 2016) . For weak magnetic field, the magnetic damping effect is weak, which causes the convection pattern less coherent and hence losing its quasi-two-dimensional character. In a study involving vertical magnetic field, it is reported that the direction of magnetic field affects heat transfer rate. The maximum heat transfer was observed when the vector between gravity and magnetic field differs by 30
• . Whereas the heat transfer is minimum when the magnetic field is parallel with gravity (Naffouti, Ben-Beya & Lili 2014) .
Efforts have also been made to extend the Grossmann-Lohse theory (Grossmann & Lohse 2000) for the canonical RB problem into magnetoconvection with an external vertical magnetic field. With inclusions of additional induced equations and parameters such as magnetic Prandtl number and Chandrasekhar number, a new type of scaling behaviour was introduced which depends on magnetic parameters (Chakraborty 2008) . In another study, in which the induced magnetic field was neglected, four distinct regimes have been identified based on the magnetic field strength and the level of turbulence in the flow (Zürner, Liu, Krasnov & Schumacher 2016) . This type of study corresponds to the so-called quasistatic magnetoconvection, where the magnetic diffusion is sufficiently fast so that fluid flow will not be able to influence (or bend) the magnetic field, which is equivalent to the magnetic field remains constant throughout the whole system (Cioni, Chaumat & Sommeria 2000) .
A recent development in the studies of convective turbulent flows is the emergence of a new paradigm, which is scalar (heat or salt, for example) transport enhancement by a stabilising force. Three systems have been identified to belong to this class of turbulent flows so far, i.e., confined RB (CRB), rotating RB (RRB), and double diffusive convection (DDC) (Chong et al. 2017) . The physical mechanism leading to the enhanced transport is that the coherency of the coherent structures, i.e. thermal or salt plumes, in these flows is increased when subjected to a stabilising force. It was first discovered, in an experimental and numerical study, that when the aspect ratio Γ of a Rayleigh-Bénard cell becomes sufficiently small, the heat transport efficiency, characterised by the Nusselt number, exhibits an unexpected and rather sharp increase (Huang, Kaczorowski, Ni & Xia 2013) . The study further showed that the enhancement can be attributed to the increased coherence of the thermal plumes, i.e. hot/cold plumes are found to be hotter/colder than in the unconfined cases when reaching the opposite plates. A later systematic study by Chong, Huang, Kaczorowski & Xia (2015) further revealed the existence of an optimal heat transport enhancement, i.e. there exists a particular Γ opt for each Ra for which the enhancement is maximum. The optimal transport enhancements are now understood as a result of the optimal coupling between the suction of hot/fresh fluid and the corresponding scalar fluctuations (Chong et al. 2017) . This optimal coupling comes about when the momentum boundary layer becomes comparable to the thermal boundary layer and because of the temperature/salinity fluctuations reaching maximum at the edge of the thermal boundary. The study by Chong et al. (2017) also shows that similar heat/salt transport enhancement previously found in the RRB and DDC systems can also be understood in terms of this mechanism. This class of flow is now termed Stabilising-Destabilising flows or S -D flows. This phenomenon in fact has two aspects. The first one is enhancement of scalar transport by a stabilising force, be it drag force due to geometrical confinement in the case of CRB (Huang, Kaczorowski, Ni & Xia 2013; Chong, Huang, Kaczorowski & Xia 2015; Zwirner & Shishkina 2018; Chong et al. 2018b) , or the Coriolis force in the case of RRB Stevens et al. 2009; Weiss, Wei & Ahlers 2016) , or the stabilising temperature field in the case of DDC (Yang, Verzicco & Lohse 2016) . The second aspect is the existence of an optimal enhancement corresponding to certain value of the control parameter that characterises the stabilizing force, i.e. the aspect ratio for CRB, the Rossby number for RRB and the density ratio for DDC, respectively.
The motivation of the present study is to investigate the effect of Lorentz force, which is a stabilizing force in the RB system, in a systematic way and examine whether magnetoconvection under the quasistatic conditions also exhibits heat transport enhancement and belongs to the same class of S -D flows. Our results show that the quasistatic magnetoconvection under a strong vertical magnetic field indeed belongs to this class of flows, i.e. it exhibits heat transport enhancement within proper region of the parameter space and the observed optimal enhancement can also be understood in terms of momentum boundary layer crossing the thermal boundary layer. We also investigate how the magnetic field influences the large-scale flow in the system. In addition, we study the behaivor of the velocity boundary layer in the limits of weak and strong magnetic fields, which demonstrates a crossover of the boundary layer from a Prandtl-Blasius type to Hartmann type.
The remaining of this paper is organised as follows. Section 2 provides a brief description about the numerical setup of the study. Section 3 presents results and discussions, with Sec. 3.1 gives an overall visual impression of the effects of magnetic field on turbulent thermal convection by providing snapshots of three-dimensional (3D) temperature, and 2D temperature and velocity fields, respectively. Section 3.2 presents the results on how the global Reynolds and Nusselt numbers responds to the various values of the Hartmann number (proportional to the strength of the applied magnetic field), which shows the existence of heat transport enhancement under moderate magnetic field strength despite the overall flow strength being suppressed by the presence of the Lorentz force. Section 3.3 discusses the behaviour of the momentum (not defined traditionally) and thermal boundary layers and how they are related to the optimal heat transport enhancement. Section 3.4 presents scaling behaviour of the Nusselt number with the Rayleigh number. Section 3.5 discusses how the (traditionally-defined) viscous boundary layer changes from a Prandtl-Blasius type under weak magnetic field to a Hartmann-type under strong magnetic field. We conclude and make some remarks in Sec. 4.
Numerical Setup
We perform direct numerical simulation (DNS) of the three dimensional Navier-Stokes equations subject to a vertical magnetic field and with Boussinessq approximation and the advection-diffusion equation of the temperature in a cubic cell with L = W = H and Γ = W/H = 1, with H being the height of the cell. The nondimensional equations that describe the velocity field u(x, y, z, t) and temperature field T (x, y, z, t) is given by:
where the bold symbol is in vector form and non-bold symbol is in scalar form. In the above, J = σ(−∇φ + u × B 0 ) is the electric current in the fluid, where σ is the electric conductivity of the fluid, and φ is the electric potential which is a divergence-free component in this system, combined with (2.4) for bounded and insulated system. The external magnetic field is antiparallel to the gravity with a magnitude B = B 0ẑ . A dimensionless parameter, the Hartmann number is defined as Ha = B 2 0 H 2 σ/ρ 0 ν = √ Q, where ρ 0 is the density of the fluid, and Q is the Chandrasekhar number (Chandrasekhar 2013) . As Hartmann number is proportional to the external magnetic field, the magnitude of Ha represents the relative strength of the Lorentz force in the system. Equation For electric current density, all walls are insulating and it also satisfies the divergencefree condition as shown in equation (2.4). For temperature, the sidewalls are adiabatic, whereas the top and bottom walls are isothermal with value T top and T bottom . A sketch of the geometry of the system is shown in figure 1.
In contrast with other magnetohydrodynamic DNS studies relevant to astrophysical applications, we consider the case in which the magnetic Reynolds number R m = U H/η 1, where η is magnetic diffusivity. In such a case the induced magnetic field due to the current flow diffuse away in a very short time scale, so that it has no influence on the flow. Since the induced magnetic field is neglected, we can assume that the applied external field B remains constant throughout the convection cell. In other words, the Hartmann number will not change with time. Therefore, we need not to consider the induced equation for magnetic field (Knaepen & Moreau 2008) . The DNS was carried out using a multiple resolution version of CUPS, which has been described in detail in Chong, Ding & Xia (2018a) . The multiple resolution code was used to save the computational cost while achieving the same result in the situation P r > 1. In our simulation, the code is modified to include the Lorentz force term and at the same time ensure that the divergence constraint in equation (2.4) is satisfied.
The parameter ranges of our study are P r = 8, Ra = 10 7 to 10 10 , and 0 Ha 800 for fixed Ra studies; Ra = 10 5 ∼ 10 10 , 10 Ha 500 for fixed Ha studies. As P r = 8, the Batchelor length scale is about 3 times smaller than the Kolmogorov length scale. With the multi-resolution scheme, we use full resolution (velocity grid is equal to temperature grid) for low Ra (< 1 × 10 7 ) and 1/3 resolution (velocity grid is 1/3 of the temperature grid) for high Ra (Chong, Ding & Xia 2018a) . As a check, a 1/3 resolution velocity grid was used in the simulations for low Ra cases as well, and the results are almost the same as those obtained with full resolution. The grid was designed to be denser near boundary layer and coarser in the bulk region in order to resolve boundary layer. Because P r is larger than 1 in our case, significant saving in computing time is achieved with the multiple resolution method, as solving the velocity field is much more costly than solving the temperature one. The datasets for this study is provided in appendix (table 1 and  table 2 ).
Results and discussion
To have an overall picture on how magnetic field affects the Rayleigh-Bénard flow, we first look at the general flow field of the system under different Hartmann.
3.1. Visualisation of the Rayleigh-Bénard flow in the presence of a vertical magnetic field Figure 2 shows three-dimensional snapshots of the temperature field, with the value given in the scale bar. For the case of Ha = 10 and Ha = 50, we can clearly see the largescale circulation (LSC) flowing in the diagonal direction (Kadanoff 2001; Xi, Lam & Xia 2004) . Based on the figures 2(a) and (b) it is difficult to distinguish them from the cases when the magnetic field is absent (Ha = 0). This is easy to understand since magnetic field suppresses mainly the small-scale flows, the behaviour of the large-scale convective flow does not change much. In these cases, the plumes are flowing in the direction of the LSC. When the magnetic field becomes sufficiently large, e.g. the case with Ha = 200, the plume morphology and behaviour start to change. We can see from figure 2(c) that the depth of plume penetration from both the top and bottom plates increases dramatically, which means that the plumes become much larger and more coherent. It is also seen that some of the plumes extend the entire height of the cell. The plumes become more organised, although they do not follow LSC entirely. When the magnetic field increases further, the picture becomes different again as seen in figure 2(d) . First of all, it is clear that the LSC is completely suppressed. There exist a large number of columnar plumes that extend vertically between the top and the bottom plates. The morphology of cold and hot pillars look very different from the classical mushroom-like plumes. They are narrow and have a clear separation. To understand the columnar plumes, we look at the effect of Lorentz term in (2.1). The vertical magnetic field in the Lorentz term suppresses the horizontal motion of the fluid only. Therefore, in the case of extremely large Ha, the fluid would move only in vertical direction, which gives rise to the formation of columnar plumes. This phenomenon was observed in RRB convection (Stevens, Clercx & Lohse 2013 ) and in severely-confined RB convection (Chong & Xia 2016) as well.
To examine the flow behaviour in more detail, we show in figure 3 vertical cuts of the instantaneous velocity and temperature fields. Although not much difference is observed between the Ha = 10 and Ha = 50 cases, a close examination of the length of the arrows indicates that the magnitude of the flow is decreased with the increasing of the Lorentz force. Also, the large-scale circulation becomes less robust. As Hartmann number increases further to Ha = 200, it becomes difficult to ascertain whether the LSC still exist, as the plumes are seen to move mostly in the vertical direction. One may conclude that the LSC has already broken down. In the extreme case of Ha = 500, only columnar plumes that extend between the top and bottom plates are observed, and it is clear that the LSC does not exist any more at this very large Ha value, as is already seen from the 3D plot. From the above examples of the instantaneous temperature and velocity fields, we obtain a sense of the role of Lorentz force, which acts to suppress the flow field. To quantify the effect of Lorentz force in RB convection, in the next section we look at the effect of the magnetic field on the time-averaged global quantities, i.e. the Reynolds number and the Nusselt number.
Reynolds number and Nusselt number under different Ha
In this section we examine the properties of the two global response parameters, Nusselt number and Reynolds number. For Nusselt number, it is calculated using heat flux across the horizontal plane, which is given by N u h = (RaP r)
1/2 u z T − ∂T /∂z x,y,t ,
where · x,y,t is the average over a horizontal plane and over time. N u is then obtained by averaging N u h over all horizontal planes. In addition, N u can also be caculated from the exact relation based on global thermal dissipation, which is given by N u T = (Ra/P r)
i respectively. The error for Nusselt is estimated by the standard deviation between N u, N u T and N u v+b . For Reynolds number, it is defined by Re = u 2 (Ra/P r). The Re so-defined provides a measure of the overall strength of the flow field. Figure 4 plots Re (normalised by its zero-field value) versus Ha for four cases of Ra. In all the cases, the value of Re remains almost constant for Ha 10 and after that Re decreases monotonically. This is expected since under small Ha, the effect of Lorentz force is too small to alter the flow dynamics of the system. As Ha increases, the Lorentz effect becomes sufficiently strong to suppress the fluid flow. We also see that for the same value of Ha, the suppression is more severe for smaller values of Ra.
Although the flow strength is suppressed as Ha increases, the heat transport behaves very differently. We plot the normalised N u against Ha in figure 5(a) and an enlarged portion in figure 5(b) , for the same four Ra cases as in the Re plot. It is seen that the detailed behaviour for each Ra may be slightly different, but for all values of Ra, the overall trend is the same, i.e., N u remains unchanged in the beginning and starts to increase as Ha is further increased, it reaches a maximum value at certain Ha (denoted as Ha opt ). After attaining maximum enhancement, N u starts to drop sharply. The peak heights are different as well, suggesting that the heat transport enhancement is more prominent for larger Ra. The onset Ha value for enhancement is also seen to be different for different Ra. However, if we normalise Ha by the Ra-dependent Ha opt , then all the curves for different Ra collapse quite well, which is shown in figure 5(c) . It is also seen from the figure that the onset Hartmann number for heat transfer enhancement is the same (Ha = 0.2Ha opt ) for all values of Ra, suggesting that Ha opt is a characteristic quantity for transport enhancement. Moreover, we find that the Ra-dependence of Ha opt may be described by a power law, Ha opt = 0.018Ra 0.45±0.06 , as shown in figure 5(d). Although both are global quantities, the Nusselt and the Reynolds number behave very differently. For example, Re changes monotonically and it starts to decrease at a single transition point of Ha ≈ 10 for all Ra cases. For N u, on the other hand, the Ha values for the onset of enhancement and for the optimal enhancement are all Radependent. This suggests a decoupling between momentum and heat transport in the system, similar to those seen in the other three systems, i.e. CRB, RRB and DDC. For example, in the Ra = 10 10 and Ha = 500 case, Re is already suppressed by ∼ 50% compared to its Ha = 0 value, while the maximum enhancement for Nu occurs for this case. To understand the heat transport behaviour, such as the existence of the optimal Nu enhancement, we next examine the properties of the thermal and momentum boundary layers and the interplay between the stabilizing and destabilizing forces in the quasistatic magnetoconvection system.
The role of the thermal and stress boundary layers in optimal heat transport enhancement
Following the idea proposed by Chong et al. (2017) , we define the thickness of the stress (momentum) boundary layer as the peak position of the profile of the quantity (
The quantity is the square of the normal gradient of velocity summing over all components, which measures the overall magnitude of the normal stress (hereafter simply referred to as the stress); in Chong et al. (2017) momentum boundary layer. Note that this definition is different from the traditionally defined velocity boundary layer, which will be discussed in Sec. 3.5 and which will be called the viscous boundary layer. For the temperature boundary layer, we use the so-called slope method based on the mean temperature profile (Tilgner, Belmonte & Libchaber 1993; Lui & Xia 1998) . The linear region of the horizontal velocity profile is close to 0, we fit the data points between 0 < z < z T,linear for evaluating the BL thickness. z T,linear is given value of 0.01, 0.005, 0.002 and 0.001 for Ra = 10 7 , 10 8 , 10 9 and 10 10 respectively. The error of δ T is determined by the difference between this result and that when one more data point is included in the fiting. Figure 6 plots the profiles of the temperature and of the stress for the case of Ra = 10 10 and Ha = 10 (the inset shows the peak of stress profile more clearly in log scale for the horizontal axis). From the profile we obtain respectively the thickness δ T of the thermal boundary layer and the thickness δ P of the momentum boundary layer, as indicated by the blue dashed vertical lines. Note that in the inset figure plotted in semi-log scale, data points with 0 z 0.5 are shown as red circles and those with 0.5 z 1 are projected under transformation 1 − z are shown as blue triangles. That the positions of the peaks from near the top and from near the bottom plates coincide with each other indicates a nearly perfect top-bottom symmetry about the middle height of the system. Figure 7 plots δ T and δ P as functions of Ha for the four Ra values respectively. An overall feature seen from these plots is that for Ha smaller than a certain value, both δ T and δ P do not change significantly with Ha and that the thermal boundary layer remains nested inside the stress (momentum) layer. When Ha becomes larger than ∼ O(10), the momentum layer starts to decrease rapidly, while the thermal boundary experiences an increase. The onset Ha value roughly corresponds to that for the onset of N u enhancement and Re decrease. With increasing magnetic field, the two boundary layers eventually cross over at certain value of Ha, which itself increases with Ra. This crossover point is very close to the Hartmann number Ha opt for the optimal heat transfer enhancement, which are indicated as dashed vertical lines in the respective figures. Similar feature is also observed for the optimal heat/salt transport enhancement in the systems of CRB, RRB and DDC (Chong et al. 2017) .
A well-known property in RB convection is that the thermal BL thickness should decrease when N u is increased. This feature is not obvious in figure 7 , because of the scale of the plots. To show that N u enhancement is indeed accompanied by a decrease in the thermal BL, we show in figure 8(a) the thermal BL thickness normalised by its value under zero magnetic field versus Ha/Ha opt , and an enlarged portion in figure 8(b). It is evident from the figure that δ T indeed starts to decrease at about the same Ha value (∼ 0.2Ha opt ) as N u starts to increase, reaching a minimum at the optimal Hartmann number and then starts to increase sharply, which corresponds to the sharp N u decrease. We remark that, as the Reynolds number has decreased sharply under the stabilising Lorentz force, the thermal boundary layer is not thinned by a stronger shear in this case. As shown by Chong et al. (2015) , the thinning of δ T is a result of the increased plume coherency, so that the hot (cold) plumes are able to more efficiently cool (heat) the thermal boundary layer when reaching the opposite plate after traversing the bulk of the fluid within which the stabilising effect takes place. This is another example of what is termed plume-controlled regime in which the boundary layers are being controlled, via the modification of the bulk flow, rather than controlling (Chong et al. 2015) .
To further examine the role played by boundary layer crossing in determining the optimal heat transfer enhancement, we plot in figure 9 the boundary layer ratio δ T /δ P against various quantities. Figure 9 (a) plots δ T /δ P versus Ha/Ha opt , which shows that the optimal Hartmann corresponds to the situation when the momentum BL becomes thinner than the thermal BL; and this property holds for all the Ra values explored. Figure 9 (b) plots σ T /σ T,0 versus δ T /δ P , where σ T is the temperature standard deviation at the edge of the thermal BL and σ T,0 is its value at Ha = 0. This figure shows that when the thicknesses of the two BLs become comparable to each other, temperature fluctuations are enhanced and become maximum at the point of BL crossing. This enables the optimal coupling of the strongest suction with the maximal temperature fluctuations. It is known that thermal plumes are generated by thermal BL instability and detachment. Therefore, the above optimal coupling would enhance thermal plume emission, which in turn enhances heat transfer. Figures 9(c) and (d) (an enlarged part of (c)) plot δ T /δ P versus the normalized N u/N u 0 , again, the figures show that optimal heat transfer enhancement corresponds to when the two BLs cross each other, or shortly thereafter. These features are exactly the same as those exhibited by the other three systems of stabilising-destabilising turbulent flows, i.e. the CRB, RRB and DDC as shown by Chong et al. (2017) . This provides a very convincing evidence that the present system of quasistatic magnetoconvection belongs to the same universality class as the other three systems.
Scaling behaviour of the global Nusselt number
In this section we will examine the scaling behaviour of the global heat transport in quasistatic magnetoconvection under a vertical external magnetic field. Figure 10 (a) plots N u vs Ra for the various values of Ha. For the case of Ha = 0, we take the data set from and Kaczorowski, Chong & Xia (2014) and use it as the baseline, which gives a scaling N u = 0.14Ra 0.30 . The range of parameter explored here spans from Ra = 10 6 to 10 9 . Within this range, it is seen that for Ha = 10 the scaling is essentially the same as the baseline case. For Ha 100, below certain value of Ra, the scaling start to deviate from the baseline. Figure 9 (b) plots the N u data compensated by the scaling exponent from the baseline data. Here, one sees that for Ha = 100, the N u-Ra scaling follows the classical Rayleigh-Bénard scaling for Ra 2 × 10 7 . For Ra 2 × 10 7 , a much steeper scaling of Nu ∼ Ra 0.42 is observed. The Ha = 200 and Ha = 500 cases also exhibit a similar transition at Ra = 2×10 8 and 2×10 9 , respectively. For Ha = 200, the steeper scaling is N u ∼ Ra 0.50 , while for Ha = 500, the scaling becomes N u ∼ Ra 0.58 for lower values of Ra. To better understand the observed In figure 11 we replot the data by the compensated N u, but with Ra normalised by Ra T . The figure shows that the transitions for the different values of Ha all occur approximately at Ra = Ra T and that the data all collapse together for Ra > Ra T , suggesting that the Ha-dependent Ra T defined above may be used as a characteristic Rayleigh number for identifying the regime transition. As N u decreases sharply after reaching the optimal enhancement, this suggests that the steeper scaling for Ra < Ra T is related to the reduction of heat transport. Again, this feature is similar to those found in RRB and CRB (King et al. 2009; Chong & Xia 2016) .
With the much steeper N u-Ra scaling and the suppressed heat transport for Ra < Ra T , one would expect the onset value Ra c for convection will be dependent on Ha. To find out this, we perform an extrapolation taking the lowest 3 N u values for each Ha to determine Ra c . The estimated Ra c values are plotted in figure 12 . (For Ha = 10, the scaling change is so small that we cannot confidently determine an Ra c for this case.) A power-law fit to the data gives Ra c = 1.16Ha 2.08±0.09 . This value is in close agreement to the theoretical value of Ra c ∼ Ha 2 predicted by Chandrasekhar for magnetoconvection (Chandrasekhar 2013; Aurnou & Olson 2001; de Vaux et al. 2017) .
3.5. The viscous boundary layer in magnetoconvection: Prandtl-Blasius-type vs Hartmann-type
In this subsection, we examine the properties of the traditionally defined viscous boundary layer thickness δ v , in particular on the boundary layer transition from PrandtlBlasius-type to Hartmann-type. Figure 13(a) plots examples of the horizontal velocity profile, which shows clearly the existence of well-defined peaks near both the top and bottom plates, with the maximum velocity decreases with increasing Ha. Also note that, as a closed system, the mean flow velocity decays to zero at cell centre. Figure 13 (b) shows a magnified view of the profile near the bottom plate (Ra = 10 9 and Ha = 200), where it is seen that the peak is rather broad under this resolution. We therefore adopt the so-called slope method to determine the BL thickness δ v , which is illustrated in the figure. Again, we fit the data points between 0 < z < z v,linear = 0.005 for evaluating the BL thickness. The error of δ v is determined by the difference between this result and that when one more data point is included in the fitiing. For cases with large Ra and large Ha, indicated by * in table 1, z v,linear = 0.002 is used and the error is determined similarly.
With the BL thickness determined, we now examine its properties for various values of Ra and Ha. Figure 14 (a) plots in log-log scale δ v vs. Ra for various values of Ha. If one starts with large Ha, then it is seen that δ v appears to be insensitive to changes in Ra. As Ha decreases, δ v converges gradually to its Ha = 0 value. For example, for Ha = 0, 2, and 10, the values of δ v are almost the same, indicating that the viscous boundary layer is not appreciably perturbed under the corresponding magnetic field. Furthermore, a simple power law relationship between δ v and Ra is evident for these low Ha data. In figure 14 (b) we plot δ v vs Ha for various values of Ra. It is seen that for weak magnetic field, δ v is independent of Ha and its magnitude depends on Ra only. For large values of Ha, on the other hand, δ v for different Ra appears to converge to a value independent of Ra and depends only on Ha. Therefore, it is clear that δ v exhibits two types of asymptotic behaviour, depending on the relative magnitude of Ra (or Re) and Ha, or the relative strength of driving over stabilising forces.
To gain insight into the dependence of δ v on Re and Ha, we consider two asymptotic limits, i.e. Re
Ha and Re Ha. In the classical regime of turbulent thermal convection, i.e. the BL remains laminar, and in the absence of magnetic field (corresponding to Re Ha), one can obtain the Prandtl-Blasius-type BL by balancing the inertial term and the viscous term in the momentum equation, which gives:
In the limit of Re Ha, the Lorentz force becomes dominant and the viscous term 
For the intermediate cases, we assume that both the inertial and Lorentz terms are important in the momentum equation and it is the inertial term that balances both the viscous and the Lorentz terms, i.e.
Using dimensional analysis, we can write (3.4) as
As the obtained δ v are in terms of the two control parameters Ra and Ha of the study, we need to first determine its Re dependence. To obtain the asymptotic behaviour of δ v in the limit of Re Ha, we fit a power law to its values at Ha = 0, which is shown in figure 15 (a). The obtained power law exponent of −0.20 agrees excellently with previous measured values (see, for example, Xin, Xia & Tong 1996; Wei & Xia 2013) . For the Re-Ra relationship, we show in figure 15(b) a plot of the zero-Ha Reynolds number Re 0 versus Ra; a power law fit gives Re 0 = 0.014Ra 0.53±0.01 . Although the viscous BL in RB convection remains largely laminar in the so-called classical regime, it is rare that the exact Prandtl-Blasius (PB) scaling δ v ∼ Re β with β = 1/2 is observed (see, for example, Xin, Xia & Tong 1996; Sun, Cheung & Xia 2008; Wei & Xia 2013) . Part of the reason for the discrepancy is that the PB boundary layer theory is two-dimensional and most of the experimental and numerical studies are inherently three-dimensional. In general, the exponent β appears to depend on the geometry and also the location (i.e. sidewall or horizontal plate) of the measurement and its value varies from −0.32 to −0.5 (Wei & the numerically obtained δ v . It is seen that almost all data points fall onto the curved surface. To see the Re-dominant and Ha-dominant regions more clearly, we plot in figure 17 a phase diagram in which the cream-coloured area denotes the region where the boundary layer is controlled by the viscous force and the purple-coloured area denotes the Lorentz force controlled region. The two regions are separated by the dash line, which is determined by setting 24Re 0.76 = 0.67Ha 2 , i.e. the contributions by the two forces to the boundary layer equal to each other. Thus, the behaviour of the viscous boundary layer in quasistatic magnetoconvection may be understood as fallows: When Ha is very small, the viscous boundary layer is dominated by the inertial term and it behaves as a Prandtl-Blasius-type BL which depends only on Re; as Ha increases, the Lorentz force becomes dominant and the BL becomes Hartmann-type layer and becomes independent of Re. In the intermediate range, the BL thickness may be represented by equation (3.7).
Conclusion
We have made a numerical study of quasistatic magnetoconvection. Two sets of simulations were made. In the first one, the Hartmann number Ha varied from 0 to 800 for each value of the Rayleigh number Ra = 10 7 , 10 8 , 10 9 and 10 10 . In the second set of data, Ra varied from 10 5 to 10 10 for each value of Ha = 10, 100, 200, and 500. Our results show that as the strength of the magnetic field, represented by the Hartmann number Ha, is increased above certain threshold value, the flow strength as represented by the Reynolds number starts to decrease monotonically, which is understood as the suppression of the flow by the Lorentz force. The heat transport efficiency, as characterised by the Nusselt number, on the other hand, behaves differently. When Ha is above the threshold value, N u first increases, representing an enhancement.
With increasing Ha, N u reaches a maximum value for a certain optimal Ha opt that is Ra−dependent. The enhanced heat transport may be understood as a result of the increased coherency of the thermal plumes, which are elementary heat carriers of the system. As Ha increases beyond Ha opt , N u starts to decrease sharply, indicating that the effect of the suppression of the flow by the Lorentz force has now overtaken the benefit brought about by the increased plume coherency. To our knowledge this is the first time that a heat transfer enhancement by the stabilising Lorentz force in quasistatic magnetoconvection has been observed. We further found that the optimal enhancement may be understood in terms of the crossing between the thermal and the momentum (stress) boundary layers and the fact that temperature fluctuations are maximum near the position where the BLs cross, which suggests that the optimal enhancement of N u is related to the increased thermal plume emissions. These findings demonstrate that the heat transport enhancement in the quasistatic magnetoconvection system belongs to the same universality class of stabilising−destabilising (S-D) turbulent flows as the systems of confined Rayleigh-Bénard (CRB), rotating Rayleigh-Bénard (RRB) and double-diffusive convection (DDC). This is further supported by the findings that the heat transport, boundary layer ratio and the temperature fluctuations in magnetoconvection at the boundary layer crossing point are similar to the other three cases. These four systems belong to the same universality class raises an interesting possibility that one or some of them may be used as a proxy for studying certain features of the other systems within the context of S-D flows. Based on the second set of simulations, a transition in the N u-Ra scaling is observed, such that below a transitional Ra T , the N u is suppressed relative to its Ha = 0 value, and its scaling with Ra becomes steeper. Moreover, the Ha−dependent Ra T is found to
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Figure 17: Boundary layer phase diagram. The cream-coloured area denotes the region where the boundary layer is dominated by the viscous force, and the purple-coloured area denotes the region dominated by the Lorentz force. The dash line indicates where the contributions by the two forces to the boundary layer equal to each other, i.e. 24Re 0.76 = 0.67Ha 2 . The stars represent the parameters for which simulations were made.
be a proper quantity to characerise the N u transition from classical to steeper scaling. When Ra is normalised by Ra T , it is found that the N u-Ra plot collapse into a general trend above Ra T . Since the transition is found near Ra = Ra T , it is believed that the change of scaling behavior is related with the beginning of sharp drop of heat transport. It is also closely related to the intrinsic properties of boundary layers as the scaling transition occurs close to BL crossing as well. A second type of boundary layer-crossing is also observed in this work. In one limit (Re Ha), we find that the viscous boundary (δ v ) exhibits a Prandtl-Blasius-type scaling with the Reynolds number (or the Rayleigh number) and is independent of Ha. In the limit of Re Ha, δ v exhibits an approximate ∼ Ha −1 dependence, which has been predicted for a Hartmann boundary layer. Assuming the inertial term in the momentum equation is balanced by both the viscous and Lorentz terms, we derived an expression δ v = H/ √ c 1 Re 0.72 + c 2 Ha 2 for all values of Re and Ha, which fits the obtained viscous boundary layer well. Therefore, we can understand the viscous boundary layer behaviour as follows: For low Ha and sufficiently large Re, the boundary layer remains laminar, i.e. Prandtl-Blasius-type. For moderate value of Re and sufficiently large Ha, where the Lorentz force becomes dominant, δ v becomes Hartmann boundary layer. This could provide insight to the study of the boundary layer behaviour for other RB systems such as RRB where the viscous boundary layer is also governed by the force balance between inertial force, viscous force and Coriolis force in the momentum equation. Ha Ra N u Re Ha Ra N u Re
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